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1, INTRODUCTION

An earlier reportG) has described a GIER-ALGOL III computer pro-
gram EXPOSUM which carried out a least-squares {itting of the parame-
ters in a linear combination of exponentials to a given sample of data
points.

It was at that time planned to translate the code to FORTRAN IV to
extend its utility, In the meantime, however, some shortcomings of the
program were revealed, and for this reason a new and considerably im-
proved EXPOSUM model was set up and programmed in FORTRAN 1V,

This report has the aim to give a self-contained exposition of the re-

vised model and to supply the user with practical instructions.

2. STATEMENT OF THE PROBLEM

~ Leta sample of n data points (xi , yi) be given, x, being the indepen-
dent and s the dependent variable. We wish to represent this sample by a

linear combination of exponentials

k
y=a + Zl aj exp(w}.x) (1)
J:

Inclusion of the constant term should be optional.

Such an exponential fitting problem is encountered at a variety of
places. In radiology and reactor physics it is often required to analyse the
decay curves from multi-component radioactive substances; in this case
X, are times and Yy count rates (and mj { 0). The growth of certain quan-
tities in economics and insurance may also show a sum-of-exponential be-
haviour, '

One could arrive at the form (1) either because it merely is mathema-
tically convenient, or, alternatively, because one is led to this form by
physical reasonings or theoretical predictions,

Determination of the parameters in (1) may be accomplished in many
ways. Decay curves have often been resolved by graphical means; one
utilizes that for large X, a single component dominates; its parameters
are estimated from a semi-logarithmic plot of the data sample. By sub-

traction of the component from the sample, a reduced sample is obtained,
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The procedure is repeated until all components have been estimated, This
method, known as the peel-off method 4), has several limitations: it is
subjective, it works only if the mj are clearly different; and, finally, it
yields no estimate of the variance of the parameters.

For the case of equidistant abscissas, Prony 2) has developed a simple
method, which involves the solution of an algebraic equation of degree k;
its roots are just the mj in (1). Sometimes the roots turn out to be complex
corresponding to an oscillating approximation; this restricts the utility of
Prony's method,

Finally, the parameters could be estimated by some least-squares
method*. Such methods are objective, their resolution power is good, they
permit weighting of the data, and they provide an estimation of the statisti-
cal distribution of the parameters. Their main disadvantage is the need of
an iterative technique when the model as (1) is nonlinear,

We have, in fact, chosen a least~squares method for our solution; in

the following, such methods will be described in general terms.

3. THE LEAST-SQUARES PRINCIPLE
Let some general model be given,
y = t{x; b) (2)

where x and y are the independent and dependent variable, resp., and b
is a parameter vecior with k components,

b=1(b s b

| MO k

)t (3)
Some or all of the components may enter nonlinearly in (2). Further, let a
data sample (xi, yi) {(cf, sec., 2) be given. According to the least-squares
principle, we try to find b such that

n

2
@ = w, (y; - £(x;3b)) | (4)
i=1

*A code EXPALS 12) has appéared quite recently, It is basicly of the
Prony type but works according to the least-squares principle applied to

the original data sample,
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is minimized. The w, are the weights of the data points; weighting will be
discussed in sec. 4, but here we simply assume that the weights are fixed
numbers accompanying our sample.

Of course, if some of the bj occur symmetrically in (2), several per-
muted b-solutions may exist. On the other hand, it may happen that no
minimum solution at all exists for finite b, Or, a local minimum could
exist without being a global one. It seems difficult to state conditions for
the existence of minimum solutions, Here, we disregard these complica-
tions and postulate that a usable solution b to our problem will be deter-

mined by the k equations

i

L% .
— = 1 LY

(4) and (5) yield

n of,
Z Wl(yl-fl)-a—b_zo’ J=1: ---:k (6)

where f; has been written for f(x;;b). These "normal equations' are in
general nonlinear and must be solved iteratively. How this is done, is up-
set until sec. 5. At this point, we assume that a solution b is already ob-~

tained, and next we proceed to examine its statistical behaviour.

4, STATISTICAL ANALYSIS OF THE LEAST-SQUARES SOLUTION

Often the y; are the results of measurements and hence subject to
statistical fluctuations, while the X, {and wi) may be regarded as fixed.
The solution of the normal equations (6) for the parameter vector b will
also be a random variable with a distribution that can be found under cer-
tain restrictive assumptions.

At the first place we shall assume that the i display only small fluc~
tuations around their means 1. Let the solution of {6) corresponding to
the sample (xi, Ny Wi) be bo' and that corresponding to an arbitrary sam-
ple (Xi’ Yy Wi) be b. Then b-bo is small, and we may assume that our

model (2) is locally linear in b in a domaine S including both b and bo:




' afi s}
— .~b.
| ] bj (bJ J ) (")

T~i=

f(Xi;b) = f(xi;bo) +

J

81
where the -5—51- may be regarded as constants in S, We next assume that

(2) is an ideal model of our sample, i, e.
£(x;3b,) =, (8)

Then the normal equations (6) form a linear system of the order k
with &b = b—bO as unknown:

PTWP &b = bv (9)
9 fi
where p.. = —— , W is the diagonal matrix
1] 3 bj
W1
0
W = - ' (10)
3]
W,
L .
and
& of,

i=1

Introduction of the vector by = (yI “Mys eees yn-nn)T yields

T

bv = P Wby S (12)
and

b = K by | (13)
with

K=@lwp) ! pTw (14)

Hence &b is related to 8y simply by a linear {ransformation. As &y has
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zero mean, so has bb, i.e. b is an unbiased estimate of bo. Further, the
moment matrix 8) M of b {or db) is connected with the moment matrix V

of y {or dy) by the equation

M=KVK. - | (15)

In particular, if y has a multi-normal distribution, so has b,

Let us now assume that the y; are independent, Then V is diagonal

- -

71
v = e © (16)
6
0,2
n

Let us further assume that we know the standard deviation oy at each

sample point, at least apart from a constant factor o, 1i.e.
g, = O+ h, (17)

where the hi are known, whereas o may or may not be known, With this
knowledge one should, as Moore and Zeigler 1) point out, choose the

weight as

1
wil— —hzg (18)

This "statistical weighting'' has a double advantage. It assures that the
points with the largest variances will have small influence on the fit and

vice versa. Further, a simple expression of M is obtained: from (14),

(15), and the relation

ve o (19)
we obtain
M=A" PTW e W I WPA, or

M=o A _ (20)




- -

where A has been written for PTWP.
If ¢ is not known in advance, we must estimate it. For this purpose,
the minimal @ (cf. (4)), Q)min’

normal distributions, This assumption is not very restrictive in practice;

is used. We shall assume that the i have

when the ¥; for instance are count numbers of a reasonable size, their
Poisson-distribution will be close to normal, Under the assumption of a
locally linear model we shall find the distribution of Q)min/c;2. If b is the

gsolution of (6), we have

n

k
punt — afi o 2
Prin = Z wily; =g - Z, 35 (i -y ) - en
i=1 =1 !
or, in matrix notation
- T _
{amin = (dy - P db)” W(dby - P &b) (22)

By (13) and (14) Q)min becomes a quadratic form in dy:

_,.T
@ in = By B by (23)

where B after an easy calculation is found to

B=w-wpPrPLlwp) ' plw (24)

At this point we introduce the substitution

6yi =0,U, = OW 1/2 Uy (25)
Then & can be expressed as a quadratic form in terms of u;
_ 2.7
Q)min =g u Cu (26)

with

c=w2w2.1 w2ppTwey ! pTw!/2. 1w
(27)

Clearly, the matrix M is of rank k., Furthermore, all its k eigenvalues f 0
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are unity, as is easily verified by premultiplying Mx = Ax by PT W1 / 2.
Hence, an orthogonal substitution u = V- 2z exists which transforms Q)inin/ 02
into a sum of n-k squares
n-k
N2
1

showing 8,9) that Q)min/oz has a xzwdistribution with n-k degrees of
freedom; its mean and variance are n-k and 2(n-k), resp. Then we have
shown that the quantity
o2 = Qmin (28)
n-k

is an unbiased estimate of 02.

If, on the other hand, ¢ is known in advance, we can compare @min/ 02
with n-k. If the former exceeds the latter by several standard deviations,
some of our assumptions will probably be invalid; in practice the normal
distribution of Yi will ag a rule be sufficiently well approximated, so it
becomes most probable that (8) is not satisfied, meaning that our model is
insufficient to describe the data sample. | '

An important special case occurs when a; =0 for all i, Then hi =1,
agd (18) leads to equally weighted data, W, = 1. In ‘i:his2 case (28) gives that
¢“ ig an unbiased estimate of the constant variance ¢  at each point, and,
as before, 82 may be used either to estimate 02 or to check the model, In

the case w, = I, s2 is denoted the "variance of the fit" ”,

5. MARQUARDT'S PRINCIPLE

We now describe the iterative method which was applied in this work
to the solution of the normal equations (6) of the least-squares problem.
This method ¥ is known as Marquardt's principle 3 , and is an efficient
combination of two classical iterative least-squares solution methods,
which will be mentioned first,

In the Taylor-series method (Gauss-Newton method) one expands the
model f(x;b) from a guessed or previously iterated value bO through the

linear terms as in (7). Then @ in (4) is replaced by a linearized form

*Marquardt's results 8) assume w, = 1 but are easily generalized to

. arbitrary w;.
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n k 3
= f,
(e)):Z W(yuf—z——l-bb)z j=1 k (29)
ivi“ Y 3ab. j’
i=1 j=1 J |

where 3b, = bj - bjo are the components of the Taylor-series method cor-

rection vector &, f; = f(x;;b ), and 0f,/3 bj are evaluated at b_. (@) is

.t,
minimized by .

Ab, =g | | (30)

where A = PT W P as defined in sec. 4, and

n
n af |
Z W (y; - = (31)

i~ 5 35, . _
i=1 J |

Then b0 + 6t replaces bo as the new iterate, This method offen tends to
diverge, in particular when the guess is bad., Variants with reduced step
length | fbt[ | (so-called damped versions) behave somewhat better in this

respect and have beenapplied to the sum-of -exponential problem by
Spéth 7)
The other classical method is the gradient method where the correction

vector &g is chosen as

T
- 00 %
6g"-<~5-—5T 3 e ,'a—q{ (32)

apart from a constant factor. This method has often an exiremely slow rate
of convergence, As pointed out by MarquardtS), this is coupled to the fact
that the contour surface of @ is greatly attenuated in some directions and
elongated in others so that the minimum lies at the bottom of a long curved
trough; this causes further the angle between 6 from (30} and 3g from
(32) to be near 90°,

At this point we introduce Marquardt's correction vector 6m, defined

by the ecjuation

R
It has not been possible to compare Spith's algorithm to EXPOSUM due

to numerical or code-conversion problems,
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(a+ D% b_ =g - (33)

As before, A = PT

diagonal matrix with Dj = ajj . As we shall see the parameter A provides

W P, and g is defined in (31), whereas D is a

for interpolation between the Taylor-series method and a gradient-like
method. The former method is obtained by setting A =0 {cf, (30)). On the
other hand, for A + « we obtain a solution vector proportional to D—Z g.

As g itself is proportional to bg {cf. (31) and {(32)), the limiting correction

vector (apart from a constant) will be
b =D 7% (34)

60;1 may be regarded as a scaled form of Bg; although it does not have the
steepest-descent direction, it shares with & g the property that @ certainly
does decrease initially along the correction vector (provided we are not al-
ready at the minimum), The interpolation is based on three theorems,
which are generalized versions™ of those given by Marquardts) and are

proved in the same way.

Theorem 1: Let A > 0 be arbitrary and let 5 satisfy (33). Then
5  minimizes (@) (cf. (29)) on the ellipsoid |[Dd[{=[|D &[] .

Theorem 2: Let 8 (2) be the solution of (33), Then the norm |[D& () ||

is a continuous decreasing function of A tending to zero when A —+ o« ,

Theorem 3; The angle between D 50 and D b?n is a continuous de-

creasing function of X tending to zero when A +

These theorems lead directly to the algorithm. The equation to be

solved at iteration no, r reads
(AF) 2 ) p2E)) 5 () ir) (35)
From its solution 61(;) we calculate

1) ), () (36)
m

* .
Marquardt has in his exposition the unit matrix I instead of D. At a later
stage, however, he introduces a scaling of the method, and his scaled

algorithm is in fact equivalent to (33).
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and a new @-value, (Z’(r'*' 1). Now it is essential that ?L(r) is so chosen that
pt+1) . 5(r) (37)

If we are not already at the minimum, it is always possible to satisfy (37)
by selecting a sufficiently large ?L(r),' and so we avoid the divergence prob-
lems from the Taylor-series method. However, k(r) should not be chosen
unnecessarily large, because we then (cf, theorem 3) approaches the gra-
dient method with its slow convergence. When @ approaches the minimum
value, l(r) decreases steadily. Then the method approaches the Taylor-
series method, which shows a very fast {(quadratic) rate of*convergence
near the minimum, Marquardt recommends the following strategy: '

Let v )1. Let h(r—]) be the A-value from the previous iteration; we
choose as X(O) a suitable value, e, g. 0.01, Compute @(h(r"l)) and
ot ),

-] -1
i, I @("(1; : ) <« o) 1ot 20 - -’.‘-(%_l

(r-1) '
y A (r) (r-1)y . &) (r) _ 5 (r-1)
i, If[@( )){a A oy < @ ],mx A

v

— (r-1 -
i, It L@("rv : ) y o) A g -1 >@(r)_j , increase XA by

successive multiplication by v until for some smallest w,
Q)(X(r'” vy < G(r). Let Ar) -1 W

The iteration is theoretically converged when 4, = 0. Then also g = 0 (eq.
(33)) and the normal equations (6) are satisfied. In practice, however, a

suitable convergence criterion is chosen, like

50

€ (38)
T+ ] bJ(rj l ¢

for all j, for some suitably small € ) 0, say 3 107° and some suitable

T, say 103, The choice v = 10 is recommended.




- 12 -
6. SEMI-LINEAR EXPOSUM METHOD

We now turn to apply the ideas discussed above to the sum-of-exponen-
tial problem,

At this point we draw the attention to two modifications from the ear-
lier to the present EXP?OSUM version,

First, experience with the old version indicated that it was not worth-
5,6,11) that replaced the proce

while to retain its particular search option
dure of guessing an initial b.

Next, the new version takes advantage of the fact that the sum-of-ex-
ponential problem (1) is only partially nonlinear, According to (1) we par-

tition the b-vector in the linear component a and the nonlinear component

W
b= (a,w) (39)

Here a is of dimension k1 =k + h (the option integer h is 1 if the
ao-term is present, otherwise h = 0), w is of dimension k, so b has the
dimension k + ki (= 2k or 2k+1). The new EXPOSUM iterates in the w-
space instead of the b-space and has as a result gained considerably in ef-
ficiency, The implementation of this modification caused some additional
problems which were surmounted in the way outlined below, We consider a

general linear -nonlinear model
Y=f(X;CL], s 00y akl; ﬁl: ey ﬁk)E f(X;u;ﬁ) (40)

where f is supposed fo be linear in a and nonlinear in g. i.e. f is of the

type
k1

£(x; a; B) =Z a; q‘;j(x; B) (41)
7=1

When p is fixed so is also a through the standard solution of

k1l
- 9
a. ‘Pj(xi: [3))

; = min, , (42)

[
it
DNl

-

l-‘"‘::
&

=

T
| e

so we have
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a'= a(p) (43)

Iterations take place in the p-space and are governed by the linear Mar-

quardt system

(A+AD%) b_p =g (44)

of order k. Asinsec. 5, A =PL WP with p;; = 3£, [0 Bj. D is diagonal

J
with

D, = Ya.., and g,

21,
Ay, - f.
] i ] w; (03 - )

i agj‘

1
[~18

i=1

The derivative afi/a {33 takes, according to (41) and (43), the form

(45)

Hence, it becomes a central problem to evaluate, in some way, the quan-
tities 9 uj]/a ﬁj . We first made an attempt to find them by numerical
means, using the difference-quotient approximation, but with ill success.
Fortunately, it turned out that they could instead be exactly evaluated by a
simple linear-algebraic method. To sée this, let us first develop the solu-
tion o of (42) obtained by the usual conditions 3@/ Baj = 08

—

O~

n
W, ‘Pj(xi;ﬁ)q?ﬂ(xi}ﬁ) a1 = Z W, ¥ qaj(xi;p), G =1, ..., ki)
i=1 (46)

s

1)
——h

it=1 i=

By taking the derivative of both members of (46) with respect to pj, (' =

1, «.., k), one finds

1
L
<
=
lcwd
—
-
I
-
-
-
W
-
G
it
‘-_.
-
b=
St
-
H
-1
Mo




- 14 -

Expressed in matrix notation, (46) and (47} read

Ca =¥y (48)
and
Cdj, =% (49)
where
o /6a aa
\ 1 k1
= W . i s .= . V. . d., = s ey ——
] )_L 1959510 YT | MECRA R R T T
I:
and
ki
N L c% N 0y N
= . — + . . )
Z‘ Wl 6 (@1 aﬁr a@., cpﬁ)o.ﬂ _l
i=1 =1 J J

Note that it is the same matrix C occurring in the systems (48) and (49).
These results are now applied to the sum-of-exponential model (1),
where a plays the role of o.* and w that of g (cf, (39)). We find

cpj =exp(wjxi)'_—' uij , J=1, ..., ky and, if h =1, Py = 1 = ui,kl s
(50)
093 . o X, U (G =1 kl; j' =1 k) (51)
-dw—j! ;IJj i 1J 3 L] L] E] 3 ]
(bjj' is the Kronecker-delta)
afi k‘l Baj]
S uij+ & ui,ji 5o G=1, ..., k) (52)
J ji=1 J
n
Sy %) Wity o UL K dhEl K (63)
i=1

*
In this analysis the constant term a in (1) (if present) is denoted a;4 .
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n
b7 g ) W Yy for G (54
i=1
and
0 kil
o N |
i = Z Wy % Wi (g - a0 Uy - Z 41 24) (55)
i=1 3]=]

7. EXPOSUM WITH EXAMPLES OF APPLICATION

7.1, Some Features of the Code

The EXPOSUM code is written in FORTRAN IV. It is registered in the
Ris6 Computer Library as AEK P-513 Fortran Version. A print-out is

given in Appendix III.

EXPOSUM in its present form is intended for use on the IBM 7094 at
the NEUCC center in Lyngby, Denmark, However, it should not be difficult
to adapt it for other computing installations, The symbolic nos, of the in-
put and output units are 5 and 6 for the IBM 7094 at NEUCC, Only the

statements
NIN = 5
NOUT = 6

(at the beginning of the print-out) should be changed to fit other conven-
tions. Another conversion problem may occur in the solution of the linear
equations and will be mentioned in Appendix IV,

EXPOSUM is divided into main program and subprograms according

1o the list below:

Main program EXPSUM
Subroutine LIPHIF
Subroutine COLDEC
Subroutine COLSIL,
Subroutine IMPRUV
Subroutine SING

EXPSUM contains the I/O-part and the nonlinear-iterative and statistical

computations, LIPHIF carries out 3 jobs:
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(r}) (r)

a) computes the elements of the matrices A and g in eq. (35),

b) carries out the linear-least-squares calculation (43) of the linear

parameters as functions of the nonlinear,

c) evaluates © according to (4). This evaluation is carried out in
double precision, and for this the same comments as stated in

connection with eq, (64), Appendix IV, are pertinent.

The remaining four subroutines refer to solution of linear equations; this

topic is discussed in Appendix IV,

7.2. Preparation of Input Data

Input data for EXPOSUM is prepared according to the data sheets given
in Appendix I. The sheets contain data for 5 sample problems, geparated
by full-drawn lines. Data formats are of the types 110 for integers and
£ 10. 5 for reals. The data for each problem are composed of five data

blocks (separated by dashed lines), to be discussed helow.

Block a) contains only a problem ne. A negative problem no. signals

that no moré¢ problems are to be solved in our data badge.

Block b) contains five integers, 11, 12, I3, I4, I5, These are options

governing calculations, print-out, etc., according to the following rules:

It concerns weighting I1=1 means w; = 1 (equally weighted data)
11=2 means that weights are added as input

I1=3 means w, = 1/yi (Poisson-weighting™)

I2 concerns iteration print-out I2=0 means that only the final parameter
estimates are printed

12=1 means that, in addition, current
iteration estimates are given

13 concerns statistics I3=0 means that no statistical analysis
(illustrative examples are 1s given
I3=1 means statistical analysis with

given in 7. 3) unknown o

I3=2 means statistical Poisson-analysis
with known ¢

*We shall always assume that our Poisson~distributions are close to

normal, so the statistical analysis in sec. 4 becomes valid.
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I4 concerns the constant term  I4=0 means that a, is not included
a, (cf. (1), 4 =h ( sec, 6) I14=1 means that a, is included

I5 concerns table print-out I5=0 means no table print-out

I5=1 means print-out of the sample
data and the deviations (fit
minus data)

When options are unchanged from the previous problem, one replaces

block b} with a zero-card, i.e. a card with zero in col, 10.

Block c) begins with the number n of data points. Then the data sample
follows, in the form (xi, yi) or (Xi, ¥ Wi) according to whether I1 #2 or
11 =2,

As before, a zero-card indicates that the data sample is unaltered

from the previous problem,

Block d) begins with the number k of exponential terms in the sum.
The next card contains k guess values of the parameters., A zero-card

may be used in the usual way.

Block e) concerns the control of the Marquardt iterations. Here, use
of the zero-card is the normal course of action. This causes the following

standard values for the control data to be applied (cf, sec. 5):

r (max., number of iterations) = 25

max

20 (initial vatue of A in (35)) = 0.0l

v = 10.0
-3

t (cf, (38)) = 10

€ (cf. (38)) = 3107

-7

1
[V
o

€, (the tolerable relative violation of (37))

I non~standard values are desired, these are supplied as input instead of

the zero-card, as in problem no. 4 where € = 10"5 and € % 10'7.

7. 3. Discussion of Solution for Sample Problems

The output from the computer run of the five sample problems is
shown in Appendix II. Some comments to the solution will be given here.
Problem no. 1 concerns the analysis of the decay curve for a Cu-Al

mixture activated in the neutron flux of the DR 1 reactor. The sample con-
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tains 23 points (X 2 Y0 ¥ ), Y3 is the count rate at time x,, and the weights
w, are here added as 1nput data™. A three-term analysm with a constant
term (background) was required. For the resulting vector (w], Wos ws),
the components w, and w, are easily identified: by conversion to half life
T =1n2/w one gets (T, Ty) = (2. 42 min, 5.39 min). In view of the stated
deviations for W and wg of about 10-15%, this is consistent with the half
lives 2.3 min and 5.1 min taken from the isotope chart for Al-28 and
Cu-66. The third term could not be identified.

Our computer run showed an underflow; this is harmless and may safe-
ly be ignored. '

At the end of each iteration print-out, a single-letter message is given

which defines the character of that iteration according to the following rule;
A: Entrance into testi (sec. 5)}
B: Entrance into testii
C: Entrance into testiii

D: Exceptional case where test iii cannot be pagssed for a reason-

able A; this case is treated as outlined by Marquardt 3).

The statistical part of the output consists of estimated standard devi-
ations of the parameters, the matrix of correlations between the parame-
ters and the inverse of the variance-covariance matrix; the latter is coupled
with the distribution of probability mass around the minimum-estimate of
the parameters and will be discussed in connection with problem no. 4. The
derivative matrix refers to the quantities 3 a. }/6 BJ defined in sec. 5.

Finally a table print-out is given, contalm.ng the sets (x Y5005 ) where
61 = fit ordinate - data ordinate 3

Problem no, 2 is an example taken from Sp&th ). Our computations
resulted in a parameter vector and a minimum © close to Spidth's values,
Notice the extremely high correlations between some of the parameters.
The "variance of the fit" is given here, because we have equally weighted
data (I1=1), and statistics on (I3=1).

Problem no. 3 treats the same data with the number of exponential
terms increased from 2 to 3. It is clear that this problem severely taxes
the capability of EXPOSUM. Yet, convergence Was obtained after 24 iter-

ations. On the other hand, Spé&th ") reports convergence after 17 iterations,

Thls choice (IWG = 2) was made for illustrative purposes, although Pois-
son-weighting (IWG = 3) is the standard choice for counting problems like this.
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but his minimum @& exceeds ours by some 9%, perhaps indicating some
shortcoming in his method. The third term in our result has very extreme
parameters, and probably for this reason a statistical analysis was impos-
sible (due to overflow conditions), In any case, the conclusion must be that
the data sample does not contain sufficient information to permit a reason-
able three-term analysis, '

Problem no, 4 is a synthetical case constructed to illustrate the sig-
nificance of the inverse variance-covariance matrix M'] (cf. eq. (20)).
We noticed in sec. 4 that the parameter vector b under certain conditions
had a multi-normal distribution with mean b0 and the moment matrix M,
Then the equiprobability surfaces in the parameter space are ellipsoides
around bo. Now, we may replace this distribution by another having the
same mean and moment matrix, but with a uniform probability density in-
side a certain ellipsoid and zero density outside, This ellipsoid, called

the concentration ellipsoid, has the equation 8)

b-b)" M - b) =k+ 2 (56)
where k here denotes the dimension of b. In the case of problem no. 4,

k =2, so we may write y = aemx, and (56) becomes an ellipse:
Alw-0 )+ Bla-2)7+2C(v-0 )(a-a)=4 | (57)
‘ o} o] C (8]

. _ 10 _ 7 _ 8 (Y ¥y,
with A =0.106'10"", B =0.460-10", C =0,581-10 ,and b -bo =
a - a

: o
The concentration ellipse (57) is shown in fig, 1. Now, what happens to a,

if w is given a small displacement from ., and we still require that a
should be a (conditional) least-squares solution? The answer is that dafiw
is given by the slope of the line of regression 8) of a on w. Conversely,
dw/da is determined by the line of regression of w on a, Both these lines
are obtained by differentiating (57); if we write Aw for o - o o and Aa for

a-a, we get
(Adw+ Cpa)dw+ (Baa+ CAw )da =0 (58)

The first regression line is obtained by setting dw = 0, the second by set-
ting da = 0. In this way, the slope of the line of regression of a on g is
calculated to d3aféw =~ C/B = -12.6, An independent check of this result

is obtained from the print-out of the derivative matrix, here the single
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number 3 afdw , found by the analysis outlined in sec. 6.

For more than two parameters, things are of course more complicated,
but the principal features of the statistical analysis are the same,

The last iwo examples are Rossi-a experiments, performed at the
DR 1 reactor. A multi-channel analyser gives number of counts for a serial
of equidistant times., Hence the output in eéch channel (yi) may be expected
to have a Poisson distribution, The time distance between neighbour counts
i 90 us, and this will be chosen as the unit for the X, 80 that X m % = 1.

The output for problem no. 5 shows a condensed print-out; neither the
progress of iterations, the statistical analysis, nor the table print-out is
given,

On the contrary, problem no, 6 is solved with all print-out options ac-
tive,

We notice that the statistical option I3 has been set equal to 3; this
means Poisson statistics with known ¢ (sec. 4). In fact, eq. (17) takes

here the form

g, = . (59)

When the y; are not too small, as we shall assume, (59) is safely replaced

by

9, = (60)

1
iy,
corresponding to ¢ =1 and hi = 1/37i in eq. (17). Here we have operated
with count numbers as the i in contrary to count rates. In the laiter case

one would replace {60) by

g, = 2 (61)

where o had to be estimated from the sample; this would be accomplished
by setting I3 = 2. In the case I3 = 3, better estimates of variances etc. are:
obtained than for I3 = 2. As pointed out in sec. 4 we have further for I3 = 3
through the weighted sum-~of-squared-errors @ a xz-test of the validity of
our model., This is illustrated by the print-out for problem no. 6. It turns
out that @ for this problem is many standard deviations larger than pre-
dicted by the model. Our conclusion is then (cf. sec. 4) that the model is

insufficient to describe the data sample, A study of the print-out table re-
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veals in this case the reason for this shortcoming., Let us consider the
signs of the deviations throughout the table, We consider the two first signs
as one set which may be (+,+), (+,-), (-,+), or (-, -). The same is done
for the points 3 and 4, and so on, A comparison of the number of (+,-) to
the number of (-, +) showed that the laiter number exceeded the former by
a very significant amount, This anomali was traced back to a fault in a

multi-vibrator in the electronic equipment,

8. SUMMARY AND CONCIL USIONS

The present report has discussed a FORTRAN IV code EXPOSUM
which replaces an earlier ALLGOL version. The code carries out a leagi-
Squares fit of the parameters in a sum-of-exponential to a given data sam-
ple, and analyses the fit statistically.

The EXPOSUM code uses a Marguardt iteration scheme, However, a
new model has been developed, according to which iterations principally
are confined to the space of the nonlinear parameters.

Mlustrative examples of the practical use of EXPOSUM has been given,

It seems justable to conclude that EXPOSUM solves the sum-of -expo~
nential fitling problem very efficiently for a majority of practical cases,
Further, it is most possible that its underlying principles may be used

successfully also for other types of non-linear fitting problems.
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{2 APPENDIX T RESULTS FCR SAMPLE PROBLEMS

PROBLEM NO 1

FIT WITH CONSTANT TERM

NUMBER OF EXPONENTTAL TERMS = 3
NUMBER OF DATA POINTS = 23

CUESS FOR OMEGAS

-0.3CO0CCCOE CC - -C.136C0CCE CO -0.7300000E-01

CONTROL PARAMETERS
LAM = 0.2C00&-C1
NY = 0.1000E C2
TAU = 0.1CCOE-C2
EPS = 0.3C00E-C4
EPS1= 0.3C00E-Cé
RMAX = 25

FLOAT ING POINT TRAP AT LOCATION ¥*%% 22240
UNTCERFLOW
IN MULTIPL TER-QUOTIENT REGISTER

ITERATION NO 1

OMEGAS
-0,2C00CC0E CC -0.136C0C0E CO -0. 7T3090000E-01
COEFFICIENTS
0.1320£644E (5 C.51231076E C4 0.1221563E G4
CONSTANT :

0.4115518E C3

PHI = 0.1498C€44E C7
LAY = 0.2C0CE-01
e
C
A
ITERATION NO 2
OMECAS

-0.3122268E (C -C.1778916E (O -0.3291236E-01
COEFFICIENTS :

0.70514685E (4 C.1123768E (5 0.5614736E 03

CONSTANT

0.2874C23E C3

PHI = 0.B158CE80F Cé6
LAM = D.200CE CO
A
ITERATION NN 2
CMEGAS

~0.2207900E (0 -C.1475235€ (C -0.2967251E-01
COEFFICIENTS

0.10769C2E (5 C.832%9¢&6E C4 0.3635943E 03

CONSTANT

0.3919960E (2
D.444TEZ2TE CE&
0.2C0CE-C1

PHI
LAM
A
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ITERATION NO 4

OMECGAS '
-0.2865236F ¢ ~C.131€673E (O ~0.1972045E-01}
COEFFICIENTS
0.1264258E CS Co6354365F (4 0.2457422E 03
CONSTANT

0.2802245F €3

PHI = 0.39056614E Cé
LAM = 0,2000E-02
A
, ITERATION NO 5
OMBGAS
-0.2864703E €0  -C.1284321E CC  -0.1825540£-01
COEFFICIENTS
0.1294863E 05 0.6117142E 04 0.2239034E 03
CONSTANT

0.2788361E (3
0.38524%569E (¢
0.200CE-03

PHI
L AM
A

ITERATION NO &
OGMEGAS
-0.2864990E (O -C.128504SE CC -0.1818243E~-p1
COEFFICIENTS
0.1292862E (5 0.61261C6E C4 0.2237236E 03
CONSTANT '
0.278€485E €3

PHI = 0,328522G32E (¢
LAM = 0.20CCE-04
A
ITERATION NO 7
CMEGAS

~0.2865C89E (O -C.1285128¢ CC -0.1818616E-01
COEFFICIENTS

0.1292781E €5 C.6126922E C4 0.2237621E 03

CONSTANT '

0.2786543E (3
PHI = 0.28522S23E (¢

LAM = 0.2000E~05
A ' :
CONVERCGENCE OBTAINED AFTER 7 I TERATIONS
WEIGHTEL SUM DF SQUARED ERRORS 0.38522933E 06
FINAL ESTIMATES DF PARAMETERS
OMEEGAS
-0.2865C99E (C =Ce1285134E (0 =0.1818629E-01

STANLARC DEVIATIONS

0.2620120E-C1 Cal777428E-C1 0.8380155€E~02
COEFFICIENTS

0.1292773E C5 C.61270C1E C4 0.2237637E 03
STANCARL DEVIATIONS

0.1963259F C4 C.2CC5333F (4 0.8558162E 02
CONSTANT

0.2786545E €3
STANCARLC DEVIATION
0.1494939E (2




MATRIX OF
1.00C0
0,9085
0.5291
0.9429

-0.9704 -

-0.6279 -

-0.,3988 -0.5856 -~0.9241 - C.50CS

INVERSE
0.137E 06
0.275E 06
0.421E 05
0.222E 01
0.579¢ 01
0.164E 02
0-204E 02
CERIVATIVE

0.130E 05

-0.293E 05-0.812E 0% C.303E

C.118E

-0.166E 03 C.491E 02-C.215E

X
0.50000E
0.15000E
0.25CCOE
0.35000E
0.45000¢E
0.55000E
0.65C00E
0.80000E
0.10000E
0.12000E
0.14C00E
0.17500E
0.20500E
0.24000F
0.28000E
0.36000E
0.46C00E
0.56pC0E
0.66C00E
0.86CCOE
0.10600E
0.146C0E

0.17600E

- 30 ~

CORRELATIONS BETWEEN THE PARAMETERS

0.9C85
1.00cCC
0.749¢6
0.9828
C.9724

0.8535

0.215E 0¢
C.117e 01
0.404E 0¢
0.274E 01
C.141E 0O¢
0.88%E 02

0.13CE 02

0.5261
0.7456
l.0CCC
0.6523

-0.9379 -C. 7613

OF VARIANCE-COVARIANCE

C.421F C5
C.4C04E (6
G142 C7
C.284E €0
€.223E (1
C.1C08E (3

C.396E (C3

Ce-5429 —0,9704%
0.5828 -C.9734
€«6533 -C.6160

1.C0C0 -0.9937

1.0000
0.7256
C.4678
MATRIX
0.222E 01
C.274E 01
0.284E 00
0. 6S7E~ 04
0. 113E-03
0.198E-03

0.223E-03

-0. 6279
~0.8535
-0.9379
=0. 7613

0. 7256

1. 0000

0. 71567

~0.3998
~-0.5859
-0.9241
-0.5009
0.4678
0.7567

1.0000

0.573E 01
0.141E 02
0.323E 01
0.113E-03
0.280E-03
0.967E-03

0.129€-02

MATR IX DCOEF(ROW) /DOMEGA (COLUNN)

0-102E 0¢-C-305E

co
c1
01
1
01
c1
t1
C1
02
02
02
02
g2
02
02
02
02
ce
02
G2
02
c3
c3

Y
C.1T7SEE
C.13€63E
C.1143CE

€.9366CE

C.T75C0LE
C-6372CE
C.51%CCE
€.4028CE
C.3048CE
£e22770CE
C.18324CE
C.1246CF
C.599£0CE
C.B35QCE
C.6910CE

-C-5610CE

C.4710CE
C.4740CE
C.4520CE
C.4210CE
€.4145CE
€.392CCE

C.3890CE

04-0.368F U4-0.567E

t5
£S5
05
C4
C4
g4
C4
C4
C4
C4
C4
04
c3
3
c3
¢3
c3
3
€3
C3
C3
£3
03

€5
05
C4
C4

DEVIATION

€. 23865E
-+ 20425E
€. T314¢6E
C. 15355
- 0. 85C27¢E
C.9293GE
-0.54319E
-(.33C83E
C.5081¢6E
~C.1485CE
C.35932E
-C.27829E
-C.128C8E
C. L7554E
C.59418E
C.56721E
-0 212C3E
€. 594C3E
C. 46596E
=L 45837{;
Co32859E
~Le23817E
C.12316E

03
03
02
a3
02
02
02
02
02
02
02
02
02
0z
01
ol
02
01
01
01
01
01
01

O0.164E 02
0.885E 02
0.108E 03
0.198E-03
0.967TE-03
0.120E-01

0.293E-01

0.,204E 02
0.130E 03
D.396E 03
0.223E-03
0.129E-02
0.293E-01

D.121E CO




PROBLEM NO 2

FIT WITE CONSYANT TERM
NUMBER OF EXPONENTIAL TERMS
NUMBER OF DATA POINTS = 24

CUESS FOR OMEGAS

-0.4C0CCC0E C1

CONTROL
L AM
NY

T AU
EPS
EPS 1=

RMAX =

i

flon

PARAMETERS
0.2C00E-C1
0.1C00E C2
0.1CCQE-C2

» 2C000E-C4
0.3CC00E-C6
25

ITERATION NO 1

OMEGAS

-0.4C0CCO0E C1

COEFFICIENTS

0.2
CONST ANT
L4
PHI =
LAM =
A

052735 C1

511866E-C1
0.16172681E-C2
0.2000E-01

ITERATION NO 2

OMEGAS

~0.4612884F C1
COEFFICIENTS
0.2692387E C1

CONSTANT

=0.2641907E~-C1

PHI =
LAM =
A

0.20562709E~C3
0.,2C00CE-02

ITERATION NO 3

OMEEGAS -
“0.4
COEFFICI

0.2481180F C1

CONSTANT

C.1
PHI
L AM
A

A

67CG61E C1
ENTS

2143241E-C1
G.11p044285E~-C2
0.2C0CE-03

ITERAT ION NO 4

OMECGAS
—0-4
COEFFIC]
0.2
CONSTANT

801812t C1
ENTS
28 1814E C1

0.1749€16E-C1

PHI
L AM
A

0,109C6728E-(2
0.200CE-C4

w3l -

2

0.4311534¢

-Ce2224257E

C.554028CE

=C.2CCCCLOE (1

-C.2CCCCCCE 01

-C.7C270G1E-C1

-C.146518CE Gl

ce

Cl

co

~C.2524314E, 61

C.7855138E C(CC
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ITERATION NO 5

OMEGAS
-0.4828423E C1 -(.2522515E 01
COEFFICIENTS
0.2266087t L1 C.8¢83650E (C
CONSTANT

T 0.1642617E-C1

pHI = 0.107€4C15E-C3
LAM = 0.200CE-05
A
ITERATICN NO 6
OMEGAS

-0.4828738E (1 -0.2523062E C1
COEFFICIENTS

0.2265632¢ (1 C.8CEELS6E (O

CONSTANT

016424476~ C1

PHI = 0.1C764C10E-C3
LAM = 0.200CE-06
A
CONV ERGENCE OBTAINED AFTER 6 ITERATIONS
WEIGHTED SUM OF SQUARED ERRORS C.10764000F-03
FINAL ESTIMATES OF PARAMETERS
UMEGAS
-0,4828759€ C1  -C.2523101E O1

STANCARD DEVIATIONS

0.2246409E {0 C.6136175E CC
COEFFICIENTS _

0.2265603€ C1 C.BC8B44TE CO
STANCARC DEVIATIONS

0.4941647E €O 0.487S240E CO
CONSTANT

0.1643526E-C1
STANCARC DEVIATION
0.1075764E-C1
VARIANCE OF THE FIT = (.566€53E-C5
MATRIX OF CORRFLATIONS BETWEEN THE PARAMETERS
1.0000 0.9867 0.9552 -0.9963 -C0.9316
0.9867 1.0CCC 0,9975 -0.%967 =C.9755
0.9952 0.997% 1.CCCC -C.5559 -0.9586
-0,9962 =0.9967 -0.6959 1.C00C0 0.9555
-0.9216 ~0.975% =0.9586 (C.5555 1.CC00
INV ERSE OF VAR IANCE-COVARIANCE MATRIX
0.402E 05 (.324F OF C.841FE C5 0.}465 06 0.335E 06
0.324E 05 0.34CE 0F C.522E €5 0.110E 06 0.365E 06
0.841E 05 ﬁ.SZ?E 0f C.284FE (6 0.3S7TE 06 0Q.644E 06
0.146E 06 0.11CE 0€ C.397E €6 G.614E 06 0.125E 07

0.235E 06 C.365F 0¢€ C.644F (6 0.125E 07 0.424E 07
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CERIVATIVE MATRIX DCOEF{RO%) /DOMEGA (COLUMN)

0.615E CO C.4723F OC

~0.712E CO-0.40SE 0OC

0.375E-01-0.372F-01

X

0,50CC0E~

0.1CCCOE
0.15C00E
0.20C0C0e
0.25C0CE
0.30CC0E
0.35000E

'0.40000E

0.43C00F
0.50000E
0.55C00E
0.60C00E
0.65000FE
0.70000E
0.75000E
0.80000E
0.85000E
0.90000¢E
0.95000E
0.10000E
0.10500F
0.11000E
0.11500E
0.12000E

PROBLEM ND

C1
co
co
co
co
co
co
Co
o
co
co
00
co
co
co
Co
0o
o
Co
01
C1
C1
01
1

3

Y
C.251CCE
C.2040CE
C.1670CE
C.13%0CE
C-112CCE
C.93CCCE
C.77CQCE
C.64CCCE
€.53(0CE
C.45(CCE
€C.38C0CE
€.3200CE
C.27CQCE
C.230CCE
€.20CCCE
C.17(0CE
C.15(0CE
C.13C0CE
C.11C0CE
C.10C0CE

C.90CCCE-01

DEVIATION
€1 C.S56029E-03
01 -~ C.28021E-02
01 C.15371E-02
6l (C.2725¢E~-02
Cl -C.43834E-02

€C C.195%3E-02
€CC C.10827€-02
CC (€.39010E~0Q3
CC ~-Ca42345E~02
C0 0.18515¢-02
GO0 C.245S95E-02
CC C.567S2E-03
CC -C.15224E-02
CC -C.18647E~02
C0 C.10712E-02

CC -C.14845E-02

CC C.14598E-02
C0O C.704S51E-03
CC ~C.31CC5E-02
€0 C.57C1l2E-03

C.214576-02

C.BOCOCE-C1 C.19762E-02
C.7CCC0CE-01 C.34871F~03
C.60C0CE~-C1 -0.25013E-02

FIT WITH CONSTANT TERM

NUMBER OF EXPONENTIAL TERMS

NUMBER OF DATA PDINTS =

CUESS FOR OMEGAS

~0.7000CC0E C1

CONTROL PARAMETERS

LAM = C.2CCCE~C]
NY = 0.1CQ0E (2
TAY = 0.1CC00E-C2
EPS = 0.3C00E-C4
EPS 1= 0.2C00E~C¢

RMAaX = 25

3

24

-C0.4CCCCCCE Gl

-0.2C000000E 00
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ITERATION NO 1

CMEGAS
=0.7C00C00E €1 -0.4CCCOCOE
COEFFICTIENTS
0.358€476E (Q C.2€17343E
CONSTANT

-0.2442264E CQ

PHI = 0.10561C23E-C3
LAM = 0.2000£-01
g
A
ITERAT ION NO 2
CMEGAS

-0.,7102588E C1 ~0e3926617E
COEFFICIENTS

0.4020145E €Q C.26C1066E

CONSTANT

0.2178871E (€O

PHI = 0.10486G41E~C3
LAM = 0.200CE-01
g
A
ITERATION NO 3
OMEGAS

-0.6878016E C1 -C.387C218E
COEFFICIENTS

0.4662877E L0 C.255C860CE

CONSTANT

0.1140376E (O

PHI = 0.10468474E~-C3
LAY = 0.2000E-01
B
A
ITERATION NO 4
OMEGAS

-0.66549102€ C1 ~Ca38C2611E
COEFFICIENTS

0.5516310FE (O 0.2477615E

CONSTANT

0.7596281E-C1

PHI = 0.10447252E-C3
LAM = 0.200CE-01
B
A
ITERATION ND 5
DMEGAS

-0.£6424518E Q1 -~C.372708B0E
COEFFICIENTS

0.6850241E CO C.23E4344E

CONSTANT

0.5841142E~C1

PHI = 0.10417530E-C2
LAM = 0.2C0CE-01
8

A

01

01

c1
01

€1
c1

01

01

c1
01

-0.2000000E 00

0.3613377E 00

0.1785018E 00

-0.2255798€ 00

0.6315185E 00

-0.3606816E~01

0.1153062E 01

~0.1011026E-01

0.1837942E 01

-0.2684380E-02
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ITERATION NO &

CMEGAS
-0.£6206938E €1 ~C.3642361F
COEFFICIENTS
0.7786101F (¢ C.22¢S05S6E
CONSTANT

0.4797727E-C1

PHI = 0.10374197€6~C3
LAM = 0.2000E-01
B
A
ITERATION NO 7
OMECGAS

~0.5594115E C1 ~0.3546741F
COEFFICIENTS

0.S255£60F (O C.2128770F

CONSTANT

0-4091730E~C1

PHI = 0.103C32019¢e-C3
LAM = 0.200CE~-01
B
A
ITERATION ND 8
CMEGAS

=0«5783770E Q1 -0.3438330F
COEFFICIENTS

0.1098535 C1 0.156C912E

CONSTANT

0.2576248E-C1

PHI = 0.10177€49E-C2
LAM = 0.200CE-01

B8

A

ITERATION NO 9
OMEGAS

-0.5580967E C1 ~Ce23156C3E
COEFFICIENTS
0.1291275E C1 C.1771848E

CONST ANT
0.2191185E-C1

PHI = 0.996475¢6F~-C4
LAY = 0.20C00E-C1

B

A

ITERATION ND 10
CMEGAS

-0.5414492E C1} - Ce320S719F
COEFFICIENTS
0.1467591F €1 C.15576E8E

CONST ANT

0.2927C99E-C1
0.97328518E-C4
0.2000E~01

PHI
L AM
B
A

|

01

01

01
C1

C1
c1

Gl

¢l

01

C1

0.2805120E 01
=0.5404841E-03

0.4281088E 01
06167621 E-04

0.6757913E 01
~0+2241265E~05

0.1130556E 02
-0.7536772E~08

0.1943607E 02

=0.3917843E~12
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ITERATION NO 11

OMEGAS
-0.5218267E Cl =C.314C6€4E C1
COEFFICIENTS
0,1575741¢€ C1 C+14SC353E Gl
CONSTANT

0.2790922e-C1

PHI = 0.5656271CE~C4
LAM = 0.2C0CE~-¢1
A

ITERAT ION NO 12
OMECAS
~0.5195572E (1
COEFFICIENTS
0.1715201€ C1
CONSTANT
0.2672610E-C1
0.96482443E-C4
0.2000E-02

~-C.3C52181E C1
C.135C924E C1
PHI

L AM
A

o

ITERATICN NO 13
CMECGAS
-0.5202094E (1
COEFFICIENTS
0.1712217€ C1
CONSTANT
0.2657619E-C1
0.96414574E-C4
"0.200CE-03

-C.3C50565E 01
C.13534C1E Q1
PHI

LAM
A

H

ITERAT ION NO 14
CMEGAS
-0.5186352E Cy
COEFFICIENTS
0.1734139E (1
CONSTANT
0.2628586E-C1

-C.3C35265E Q1

C.13326S4E 01

PHI =  0.96414%522F- C4
LAM = 0.2C0CE-04

R

c

c

c

A

ITERAT ION NO 15
CMECAS
-0.519C177E (1
COEFFICIENTS
0.1728288E C1
CONSTANT
0.2€4C€64E-(]
0.96412298BE-C4
0.2C00E-01

~-C€.3C3%954E C1
C.1228324E 01
PHI

L AM
A

nu

0.2913798E 02

-0.3281126E-17

0.3332303¢ 02

-0.,2083591E-19

0.3073425E 02

-0.4564920E-18

0.3339283E 02

-0.1851794E-19

0.312%4871E 02

-0.2443478E-18
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ITERATION NO 1¢
CMEGAS
-0.5190556E (1
COEFFICIENTS
0.1728668E C1
CONSTANT
0.2635404E-C1
0.96412C61E-C4
0.2000E-02

-0.303522%E Q1

0.1338121E 01

PHI
L AM
g
C
A

It M

ITERATION NO 17
OMEGAS
-0.5192692E (1
COEFFICIENTS
0.1725234E C1
CONSTANT
0.2642924E-C1

-C.3C41988E 01

C.1341375 01

PHYI = 0.96411602E-C4
LAM = 0.2000E~01
A
ITERATION NO 18
OMEGAS

~0.5192520E C1 -C,304118CE C1
COEFFICIENTS

0.1726023E C1 C.134C737E 01

CONSTANT

0.2639126E-C1

PHI = 0.96411157E-C4
LAM = 0.2000E-02
B
c
A
ITERATION NO 19
OMEGAS

-0.5193819E C1 - €.3042861F C1
COEFFICTENTS

0.1723992€ C1 0.1342719E 01
CONSTANT

0.26432729E-C1
0.9641CT01E~-C4
0.2000g-01

PHI
LAM
A

ITERAT ION NO 2C
OMEGAS
-0.5193633E C1
COEFFICIENTS
0.1724523E C1
CONSTANT
0.2641283E-C1
D.9641C€80E-C4
0.2000E~02

-C.3042289E (1

C.1342220E C1

PHI
LAM
B
A

0.328747TE 02

~0.3459368E-19

0.3155506E 02

-0.1693193E~18

0.3256416E 02

-0.5031731E-19

0.3174591E 02

~0+1346B93E-18

0.3237134E 02

-0.6348969E~-19
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ITERATION NO 21

OMEGAS
. =0.519€432E (1 -0.3045133E 01 0.3175268E 02
COEFFICIENTS
0.1720716E C1 C.1245980E 01 -0.1338051E-18
CORST ANT

0.2647113E-¢c1

PHI = 0.9641C668E~C4
LAM = 0.2000E~02
A
IT ERAT ION NO 22
OMEGAS

-0.51923523E C1 -C.3C42159E ¢1 0.3237189E 02
COEFFICIENTS

0.1724657F €1 0.1342086F O1 ~0. 6344559E-19

CONSTANT

0.2¢641167E-C1

PHI = 0.9641C551E-C4
LAM = 0.2C00E-C3
B
C
C
A
ITERATION NO 22
OMBGAS

-0.5194359E (1 -0.3C4325%% C1 0.3186T24E 02
COEFFICIENTS ‘

0.1722270E C1 C.1343344E Ol ~0.1164494E-18

CORST ANT

0.2644C36E~-C1
PHI = 0.9641C536E-C4

LAM = 0.200C0E-01
A
ITERATION NO 24
OMEGAS

-0.5194302E C1 -0.3C42956E Cl 0.3224861 02
COEFFICIENTS

0.1723626E C1 C.13431C8E C1 ~0.7361793E-19

CONSTANT

0.2642616E~C1

PHI = 0.9641C413E~C4
LAM = 0.2C0CE~-C2
8

C

C

c

C

C

C

C

C

C

C

c

C

C

A

c

ONV ERGENCE DBTAINEC AFTER 24 ITERATIONS
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WEIGHTEC SUM OF SQUARED ERRORS 0.96410407E-04%

FINAL ESTIMATES OF PARAMETERS
CMECAS

~0.5194302E C1l ~C.3C42956E (1
COEFFICIENTS
0.1723626E (1 C.13431C8E C1
CONST ANT

0.2642616F-C1

PROBLEM NO 4

FIT HITHOUT CONSYANT TERM

NUMBER OF EXPONENTIAL TERMS = 1
NUMBER OF DATA POINTS = 10

GUESS FOR OMEGAS
-0.1E0CCCOE CO

CONTROL PARAMETERS

LAM = C.2C00E-C1
NY = C.1C0C0E €2
TAU = C.1CCO0E-C2
EPS = 0.1CO0E-C4
EPS 1= 0. 1CO00E-Cé&
RMAX = 25

ITERATION NO 1
OMEGAS
-0.150CCCCE ¢O
COEFFICIENTS
0.2806774E C1

PHT = 0.61285987E CC
LAM = 0.200CE-01
A

ITERATION NO 2

OMEGAS
-0.$788B765E-C1

COEFFICIENTS

0.2172482E C1
0.1194€1G6E~-C2
0.2000E-02

PHI
L AM
A

0.3224861E 02

—0.7361795E-19




IT ERAT ION NO
OMEGAS
~0.5596744E~-C1
COEFFICIENTS
0.2198807E (1

2

pr

PHI = 0.68017587E-C5
LAM = 0.2000E~03
A
ITERATION NO 4
OMEGAS

~0,6997176E-C1
COEFFICIENTS

PHI
L AM

B
C
A

CONVERGENCE OBTAINED AFTER

WEIGHTEC SUM OF SQUARED ERRORS

0.2198862E (1

#on

0.67965559E~C5
0.200CE~-C4

- 40 -

4 ITERATIONS

0. 67965559E-05

FINAL ESTIMATES OF PARAMETERS
CMECGAS
-0.559T176E-C1
STANCARC DEVIATIONS
0.5584172E-C4
COEFFICIENTS
0.2198862E C1
STANCARC DEVIATIONS
0.8460578BE~-C2

VARIANCE OF THE FIT =

0.84557€-C¢€

MATRIX OF CDRRELATIONS BETKEEN THE PARAME TERS

1.0000 -0.8344

-0.8344

INVERSE OF

0.106E 10

0.581F 08

CERIVATIVE

-0.126E 02

X
0.100C0E
0.2000CC
0.30C00¢E
0.40C00E
0.50CCCE
0.6CC00E
0.7COCCE
0.80C00E
0.9CCCOE
0.10CO0E

1.C0CC

VAR IANCE-COVARIANCE MATRIX

C.581F 0OF

C.46CE CT

MATRIX DCOEF{ROW)/DOMEGA (COLUMNY

€1
€1
C1
1
€1
01l
C1
C1
€1
02

Y
C.28¢5CE
C.2618CE
C.2370CE
C.2143CE
C.1940CF
C.17E7CE
C.155CCE
C.1428CE
C.13C1CE
C.1176CE

DEVIATION
€1 C.46843E-03
01 -C.154476-03
Cl C.2414CE~04
€1 -C.15C34E-02
Cl ~(.481€9E-C3
€1 C.113CCE-Q2
€1 C.11782E-02
61 C.334C2E-03
1 C.1093CE-03

€1 -C.11278E~02
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PROBLEM NO 5

FIT WITHOUT CONSTANT TERM

NUMBER OF EXPONENTIAL TERMS = 2
NUMBER OF DATA POINTS =252

GUESS FOR OMEGAS

=0.1C0CCO0E-C1 -GC.3CCCCCCE-C]

CONTROL PARAMETERS
LAM = 0.2C0CE~-C1
NY = 0.1CC0E C2
TAU = 0.,1C00E-C2
EPS = C.3CC0E-C4
EPS 1= 0.3CO0E-Cé&
RMAX = 25

CONVERGENCE OBTAINED AFTER 8 ITERATIONS
WEIGHTEL SUM DF SQUARED ERRORS 0.82410743E 03

FINAL ESTIMATES OF PARAMETER S
OMECGAS
=0.5640193E-C2 -0.3%11065E-01
COEFFICIENTS
0.1185816E €5 C.3456731F C4

PROBLEM NO 6

FIT WITHE CONSTANT TERM

NUMBER OF EXPONENTIAL TERMS = 1
NUMBER OF DATA POINTS =255

CUESS FOR OMEGAS
-0.250CC00E~C2

CONTROL PARAMETERS

LAM =  0.2CC0E-C1
NY = 0. 1CCOE C2
TAU = 0.1Cp0E-C2
EPS = C.3C00E~-C4

EPS 1= 0. 2CO00E-C6
RMAX = 25




ITERATICN KO 1
OMEGAS
-0.,250CC000E-02

COEFFICIENTS

0.2050123E C4
CONST ANT

0.6948171E C4
PHI = 0.16161343E G4

LAM = 0.2000E-01
A
ITERATION NO 2
OMEGAS

-0 .165T423E-C1
COEERFICIENTS

0.1251147€ C4

CONSTANT

0.8153695E C4
PHI = 0.61935490€ C3

LAM = 0.2000E~-02

A

ITERATION NO 3

OMEGAS
-0.2563038E-C1

COEFFICIENTS

0.1535206E (4
CONSTANT

0.8235171E C4
PHI = 0.4613¢B56E C3

LAH = 0.2000E-03

A

ITERATION NO 4

OMEGAS
-0.2666236E-C1

COEFFICIENTS

0.1554997E C4
CONSTANT

0.8241317E C4
0.460328C7E C3
0.2C00E-04

PHI
L AM
A

ITERATION NO 5
OMEGAS
-0.,2653476E-C1

COEFFICIENTS

0.1852556E C4
CONSTANT ‘

0.8240574E C4
PHI = 0.46031308E ¢3
LAM = 0.2000E~05
A
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ITERATION ND 6
CMEGAS
-0.2655302E-C1
COEFFICIENTS
0.1552906E C4
CONSTANT
0.8240680E C4

PHI = 0.46021276E (3
LAM = 0.2000E-Cé
A

ITERATICN NO 7
OMEGAS
-0.2¢655046E-C1
COEFFICIENTS
0.1552855E C4
CONSTANT
0.8240€665E C4

PHI = 046021273 (3
LAM = 0.200C0E-Q7
A

CONVERGENCE OBTAINEC AFTER 7 ITERATIONS

WEIGHTEC SUM OF SQUARED ERRORS Ce46031277E 03
THIS SHOULD BE APPROXIMATELY DISTRIBUTED AS CHI- SQUARE

WITH 252 DEGREES OF FREEDOM

FINAL ESTIMATES OF PARAMETERS
OMEGAS

-0.2655082E~01
STANDARC DEVIATIONS
0.5691019E-03
COEFFICIENTS
0.1552864EF C4
STANCARC DEVIATIONS
0.2231C00E €2
CONSTANT
0.8240667E C4
STANDART DEVIATION
0.8827682E C1
MATRIX OF CORRELATIONS BETWEEN THE PARAME TERS
1.0000 -0.5697 - 0.63¢3
~0.5697 1.00CC 0.0240
-0.62362 0.024C 1.CCCC
INVERSE OF VAR IANCE-COVARIANCE MATRIX
0.370FE 07 0.616E 0z C.253F 03
0.616E 02 0.198E-0Z C.o413E-C2
0.252F 03 0.4126-0Z C.302E-01
CERIVAT IVE MATRIX DCDEF(ROW)/DOMEGA {C OLUNN}
-0.190F 05

-0.580E 04




X -
0.10C0CE
0.20CC0E
0.300C0E
0.40000E
0.500CCE
0.60CC0E
0.7C0C0OE
0.80C00QE
0.9CCO0E
0.1C0CCOE
0.11CCQE
0.12000E
0.130C0E
0.1400CE
0.15C00E
0.16CC0E
0.1700CE
0.18000E
0.19CCCE
0.20000E
0.21000E
0.22000E
0.232000E
0.24000E
0.25C00E
0,260CCE
0.27000E
0.28C00E
0.29000E
0 .30000E
0.31000E
0.32600E
0.33000E
0.24000E
0.25000E
0.36000E
0,37000E
0.38000F
0.39000E
0.40000f
0.41000E
0.420C0E
0.43000¢E
0.44CC0E
0.450CCE
0.46000E
0.47000E
0.48CC0E
049CC0OE
0.5CC00E
0.51GC0E
0.52C000E
0.53000E
0.54C00E
0.55C00E
0.56000E
0.5700CE
0.58C00E
0.59000€E
0.60C0CE
0.61000E
0.62C00E
0.632000E

C1
c1
G1
01
01
01
Ct
01
01
02
02
c?2
02
g2
02
02
02
02
02
02
02
02
02
c2
02
¢2
02
02
02
02
02
Q2
02
c2
02
c2
c?2
02
02
g2
02
Q02
02
02
02
02
02
02
02
02
02
g2

c2
G2
c?
c2
02
02
02
02
€2
02
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Y
C.94E2CE
€C.9750CE
C.9617CE
C.94¢3CE
C.94¢€0CE
C.9546CF
C.93E7CE
C.95C8CE
C.95€3CE
C.942z4CE
C.93¢8CE
C.S3E6CE
C.S2E6CE
£.95(5CE
€.9229CE
C.93¢9CE
C.92¢€2CE
C.52€3CE
C.94C4CE
C.9156CE
C.89¢3CE
Ca9142CE
C.S9121CE
C.93(3CE
€.SCGC0CE
C.92E6CE
C.92C4CE
C.9CC(5CE
C.9087CE
C.B8922CE
C.B89260E
C.8925CE
C.8924CE
C.8742CE
C.8721CE
C.88¢5CE
£.8718¢E
C.B9E8CE
C.B9E2CE
€.8921CE
C-88C4CE
C.88Z8CE
C.8547CF
C-85C4CE
C.B5:55CE
C.8GE0CE
C.86£8CE
C.90%f2CE
C.B761CFE
C.88¢STCE
C.B427CE
€ .85¢5CE
C.8544CE
C.8711CF
C.85%6CE
C.8571CF
C.B83€3CE
C.85¢2CE
C-B456CE
C.85¢1CE
€.82¢5CE
€.8526CE
C.8173CE

DEVIA TION
C4 ~Co27CB4E 03
04 C.36777E 02
04 -C.5763gE 02
04 -C.144C7E 03
04 ~ 0.14048E 03
04 -C.18850E 02
04 —Co17316E 03
04 C.11631E 02
€4 C.S$9533F 02
C4 -C.74282E 01
¢4 -C.22285E 01
C4 C.16154E 02
C4 -C.54240F 02
04 C.19355E g3
C4 -0.443G3E 02
C4 C.142G3E 03
€4 C.32533E 02
C4 C.59441F 02
04 C.22567€ 03
C4 C.42238F 02
C4 ~Ce13684E 03
04 C.354608 02
G4 C.4TI4TE 02
C4 C.24124E 03
C4 =Co40246E 02
C4 C.23670E 03
04 C.2051CE 03
04 C.25972E 02
€4 C.13732E 03
C4 -0.88429E 01
04 0.135C3E 02
04 C.20368E 02
C4 C.&6TESE 02
04 -C.12829E 03
04 -C.1228CE 03
64 C.27268E 02
04 -0.104CSE 03
C4 C.18115E 03
C4 0.18998F 03
C4 G.15343FE 03
04 0.404$5E 02
C4 C.78154E 02
C4 -C.18547E 03
C4 ~C.21948E 03
C4 ~C.15583F 03
€4 0.2814SE 03
C4 C.14856E 01
04 C€.37717€ 03
C4 0.12755€ 03
C4 C.24462E 03
C4 -C.20459E 03
C4 ~C.36C83E 02
04 - C.T6854F 02
04 C.10011E 03
04 -C.51919E O1
C4 - Co20746E 02
04 ~0.15555E 03
C4 —C.11589E 02
04 ~C.1C8E7E 03
04 C.46284E 01
04 -C.2531CE 03
C4 -C.40444E 01
C4 -C.3552CE 03




0.640C0E
0.65000F
0.66000E
0.67000F
0-.68CC0F
0.69000E
0.70000F
0.71000E
0.72000F
0.73000F
0.,74000E
0.75000F
0.76C00F
0.7T000F
Q.78000F
0.79000E
0.80000E
0.81000E
0.82000F
0.83000E
0.84CCOE
0.85C00E
0.86000E
0.87000E
0.88C00F
0.B9C00E
0.90000E
0.91000E
0.92C00F
0.93000F
0.94000E
0.95C00E
0.960C0F
0+-97000E
0.98C0QE
0.99CC0E
0.10000E
0.10100F
0.10200E
0.103C0E
0.10400FE
0.10580F
0.10600F
0.107CQE
0.10800E
0.109€0F
0.11000F
0.11100F
0.11200F
0.113C0F
0.11400E
0.11500E
0.11600F
0.117C0OE
0.131B00E
0.11900F
0.12000E
0.12100F
0,12200E
0.123C0E
0.12400F
0.125C0E
0.12600E
0.127C0E

02
02
gz
02
02
02
02
02
02
02
62
g2
g2
02
02
02
02
Q2
02
g2
02
02
02
c2
02
02
02
02
c2z
g2
02
02
02
02
02
02
03
C3
03
03
03
¢3
€3
C3

03
c3
03
g3
03
03
03
03
03
03
03
03
03
02
03
03
03
03
03
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C.85E30F
C.8512CF
C.B5C&CE
C.B4E2(E
C.B4E10F
Co83(3CE
C.85C4CE
C.B417CE
C.B5STCE
C.84%4CE
C.B3G62CE
C.B5ZCCE
0.83%3CF
C.B3446CE
C.BS18CE
C.8342CE
C.8522(E
C.B442CFE
C.84¢S3(CF
£.8373CE
C-83%S0CE
C.83C2CE
C.85C30E
C.83C3CE
€C.B47I5CE
0-8321CE
C.8245CE
¢.82C0Cg
{.B342CE
C-B4ETCE
C.85190F
C.81370F
L.8272CE
C.B228CE
C.B85C6CF
C.B1CICE
0.8272CE
C.8220CF
C<B377CE
€.8219CF
C.85(3CE
C.83¢9¢CE
C.83¢6CE
C.81¢5CE
C.82¢9CE
C.8174CE
C.83%54CE
C«83734CE
C-.85%6CE
€Ca8316LCF
{84¢1CE
C.8118CE
Co8416CF
C.81€1CE
0-8373CE
C.83C3CE
C.8327CE
C.B2CHCE
C-B2¢2CE
C.B3EQCF
CaB3460F
€C.B1C7CE
C.B2E2CE
CeB8226CE

C4 C.2B438F
€4 -Co51233F
€4 ~C.38758E
C4 ~C.20826E
C4 -0.14957E
C4 -0.18627E
04 0.21246F
€4 -Co59411F
C4 C.12677E
04 ~C.10219E
04 - C. 66362E
04 C.67342E
04 - Co541C4E
C4 - Ca S56S5E
C4 C.81573E
04 - C. 892S8E
€4 C.10570F
C4 0.20560F
C4 C.762S7E
04 -C.350S1E
C4 -Co1756GE
C4 -C.10123E
04 C.104C3E
04 -C.91818E
C4 C.84221F
C4 - C. 65846F
04 -C.138C2F
04 -C,17929E
C4 ~Q.33654E
04 C.11488E
04 0.15033f
04 ~Ca22832E
G4 - 0.SCO53F
C4 -C.12087E
04 C.24022F
64 ~Ce25176E
04 -C.77823E
04 - Co 11656
C4 0.32823E
C4 -Coal2247E
C4 C.l6418E
C4 C.32748BE
04 (.32252F
C4 —0.14631F
C4 - 0.25934E
04 -0.15262E
04 0.29631F
C4 Coll824F
C4 0.275G6EF
C4 ~0.166C7E
C4 C.145C6E
C4 ~0.19556E
C4 C.10356E
04 ~0.14917E
04 C.&4648E
C4 - 0. 35781E
04 €.32149F
€4 -0.S7169E
€4 - C.39532€
04 C.5SCE3E
04 C.47616F
G4 ~C.18987E
04 ~Co133G9E
04 - Ce57965E

Q2
ol
01
02
02
G3
02
02
03
02
02
02
02
02
02
02
03
02
02
02
02
03
03
02
02
02
03

02
03
03
03
02
03
03
03
02
03
02
03
03
02
02
03
02
03
02
02
03
C1
03
03
03
03
0z
01
02
02
02
c2
0z
03
02
02




0.12800E
0.129C0E
0.13000E
0.13100F
0.13200E
0.12300F
0.13400E
0.13500E
0.13600F
0.12700E
0.13800E
0.139C0E
0.14C00E
0.14100F
0.14200E
0.143C0E
0.144C0E
0 +14500E
0.14600F
0.14700¢
0.14800E
0.14900E
0.15000E
0.15100F
0.15200E
0.15300E
0.15400F
0.15500E
0.15600E
0.15700E
0.15800E
0.159C0E
0.16000E
0.16100F
0.16200F
0.16300E
0.16400E
0.16500E
0.16600E
0.167COE
0.16800F
0.169C0E
0.17000F
0.17100E
0.17200E
0.173C0E
0 +17400E
0.175C0E
0.17600E
0.17700E
0.17B00E
0.179COE
0.18C00E
0.,18100E
0.18200F
0.18300€
0.18400€
0.18500E
0.18600F
0.18700E
0.18800E
0.18900CE
0.19000E
0.19100E

03
€3
03
03
03
03
03
03
03
03
c3
03
03
03

03 .

03

03
03
03
63
03
03
03
c3
03
03
€3
03
03
03
€3
c3
03
c3
03
€3
03
03
03
03
03
03
e3
¢3
03
03
03
€3
g3

3
03
03
€3
3
03
03

03

03
03
03
03
e3
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0.B240CE
C.8174CE
C.8316CE
0.84C5CE
C.B82E8CE
Cagl72¢E
€.84C7CE
C.82176CE
€.83¢2CE
t-8199CE
C.B8263CE
C.82¢3CE
C.B81l75CE
C.8240CE
C.8312CE
C.B1SSCE
C.8571¢CE
C.B8223CE
C.8025CE
C.82Z7CE
C.8276CE
C.8073CE
C.8278CE
C.B0%2CE
€.8572CE
C.B124CE
C.8366CE
C.8172CE
C.8243CE
C.8212CE
C.8325CE
C-81E9CE
C.B2E9CE
C.B82£30E
C.83:30E
C.8256CE
C.8272CE
C.8426CE
C.84C2CE
C.8246CE
C.84EC(CE
C.B1713CE
£.8372CE
C.822CCE
C.8245CE
€.812z8CE
C.81£7CE
C.B211CE
C.85SCCE
C.80FE0QCE
C.8375CE
C.81E2CE
C.83E2CE
C.83C1cE
{.B8243CE
C.8345CE
C.B531CE
C.B8070CE
L82328CE
C.8324CE
CeB2ETCE
C.8218CE
C.82¢%6CE
C.82¢7CE

C4 —-0,525¢8E
04 ~C.11721E

04
G4
C4
04
04
C4
G4
04
L4
C4
C4
C4&
C4
C4
C4
L4
C4
€4
G4
04
G4
C4
C4
04
C4
c4
C4
04
04
C4
G4
C4
04
C4
4
04
c4a
C4
04
C4
04
C4
04
04
C4
04
C4
04
04
C4
C4
C4
C4
C4
(4
04
04
C4
04
G4
G4
C4

C.26116E
o 11 641E
Co.660BSE

-C.11412E

C.122C7E

-Co 1765TE

C.79364E

- 0. 8253 7E

C. 12534F
€. 135717E

- Ca1C0341E
-C.37419F

0. 35544¢

~-C.80518E

C. 29640E

- C.40716E
-0 24T85E
"Oo 350C7E

C. 48145E

- Lo 1973 %E

C. B3528BE

-C.216E5E

€. 30388E

~Ce13336E

$+12931E

- 0. S4CCSE
~ 0. 22345E
-0 52659E

€. 60931E

- 0. 10446E

0. 26141E
Q. 712266E
C. 71289E

- 0. 515G7E

C.11377E
C.165690E
C. 14241E

- Cs13055E

€.1913%E

~0.85142E

Ca11432E

-0, 27238E
~ .11 8C4E
~0.12838E
- L. G896SE
- 0. 4456 8E

C.33482E

-G 1748CE

C.12C57E

~0.102C7E

0. 98284E
C.47626E

-~ 0. 1CC41E

C. 52283E
C.27B6QE

-0.182CGE
-C.137G4E

C. 724871k
C-15781€E

—~(0.32942¢E

0. 48327E
C. 16589E

02
03
02
03
00

03
G1
02
02
02
02
a3
02
02
02
03
02
03
02
01
03
01
03
03
03
03
02
02
02

03
02
00
02
01
02
03
03
02
63
02
03
02
02
03
02
02
03
03
03
03
02
02
02
02

03
02
02
02
02
02
02




0.19200F
0.19300E
0.194C0F
0.19500E
0.196C0E
0.19760F
0.19800F
0.199C0F
0.200C0E
0.20100F
0.20200F
0.21300F
0 .20300E
0.20400F
0.20500F
0 .20600E
0.20700E
0.20800€
0.20900E
0.21000E
0.21100E
0.21200E
0.21400F
0.21500F
0.21600F
0.217C0E
0.21800E
0.21900E
0.22000€
0.22100E
0.22200E
0.22300F
0.22400E
0.22500E
0.22600E
0.22700E
0.22800F
0.229C0E
0.23C00F
0.23100F
0.23200¢
0.22300F
0.23400€
0.23500F
0.23600E
0.23700F
0.22800F
0.239C0E
0.2400G0E
0.24100F
0.24200F
0.24300F
0.24400E
0.24500F
0.24600E
0.24700E
0 .24800E
0.249C0E
0.25C00F
0.25100E
0.25200E
0.252300¢
0.25400EF
0.25500F

03
c3
C3
03
c3
03
03
€3
03
3
03
03
03
C3
03
03
03
€3
03
03
03
C3
03
G3
03
c3
03
€3
03
03
c3
03
03
03
03
03
03
t3
€3
03
03
03
03
03
03
03
03
03
03
03
03
03
03
C3
03
03
03
03
03
C3
03
c3
03
c3
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C.83¢9CE
C.B228CE
C.8379CE
C.81(CCE
C.B276CE
C.8143CE
€.B8370CE
C.8197CE
C.8175CE
C.82E9LE
C.82(9CE
C.8122CE
C.81E28CE
C.7967CE
C.80¢t6CE
C.8177CE
C.8211CE
C.8342CE
C.82C2CE
C.82¢9CE
C.82430F
C.8270CE
C.83€2CE
C.83C5CE
C.8323CE
C.81¢€3CE
€.8342CE
C.8414CE
C.8274CE
C.B1€0CE
€.8246CE
C.B2E5CE
0.81¢€1CE
C.8341CE
C.824QCE
C.8320CE
C.79¢8CE
C.83(QCE
C.82£2CE
C.81¢<CCE
C.8516CE
C-83E6(E
C.B82E53CE
C.80¢4CF
C.B1ESCE
C.81£2CE
C-.8349CE
C.83(C4CE
C.865CCE
C.8325CE
C.8477CE
C.8323CE
£.82830E
C.B81ECCE
C.82¢%6CE
C.8320(CE
C.8253CE
C.81F4CE
£.8312CE
C.82€3CE
C.B83€1CE
€.8053CE
C.B32z2CE
C.8174CE

04 C.14884E
C4 -C.119CTE
C4 0.12934E
04 -C.14943E
C4 0.268C0F
04 -C.10598F
C4 C.12124F
04 —C.51546F
04 -C. 73340E
C4 C.1C8¢1E
C4 -0.38943E
04 -C.11410F
04 - 0.89752E
04 -C.25C57E
€4 -C.16138E
€4 -0.70210E
04 —-0.36038E
C4 C.G5129E
C4 ~C.44T7C9E
C4 C.22449E
04 - C.33965E
04 C.23754E
C4 C.136C4E
C4 C.59181E
€4 C.T7316E
C4 -0.B82553E
04 C.S6575E
64 C.1687CE
€4 0.28821E
C4 —CO 85060E
€4 GC.10547E
€4 C.1C167E
C4 —C.83724E
C4 C.56382E
04 - C. 45143E
04 C.75587€
04 -0.28632E
04 C.557ECE
04 C.37873E
C4 -C.54C36E
04 Q.266C5E
C4 C.14214F
c4 C.52220€
C4 -C.14970E
04 —(-54617E
C4 -C. 8154CE
64 C.10554F
04 C.&606CSE
C4 C.40668E
€4 C€.S175CE
€4 C.23382E
C4 0.89883E
C4 C.S9475E
C4 —-CaS2SSCE
€4 C.53CT71E
€4 C-7713CE
G4 - C.1C1E8E
C4 -C. BBT56F
04 C.6926GE
04 C.20352t
04 C.1184CE
€4 -C.14955E
C4 C.T795C4E

04 - Co 6844BE

03
02
03
03
02
03
03
02
02
02
02
03
02
03
a3
02
02
02
02
02
01
02
03
02
62
02
02
03
02
02
01
02
02
62
o1
02
03
a2
02
02
03
03
01
03
02
02
03
02
03
02
03
02
01
02
02
02
02
02
02
02
03
03
02
02




200
201
86

600

602
601

603

604
101

36
102
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13 APPENDI X IIT: COMPUTER (CDE PRINT-OUT

COMMON Ky K1, IOPT,N,X{8C0),Y{800) ,H{800) sF {BOO) 4U(BOD+6)
1A{E)sBIEYeGL12,12),AR(12412)RHS (12} ,PHI
CIMENSION A1(£)+B1(6)yDEL(12)4SCALE (6) ,GG (6) 4DJI¥(6)
1C1J0 800, 6)sDABL 6, 6)AA(12,12) ,AK(12,12) 4GS (6)
2, CEVI{12),VARCOVI12412)

NIN=5

NDUT =4

FORMAT(8IIC)

FORMAT{ 8E1C.5)

READ(NIN, 2C0) IPNO

IF{IPND.LT.0)STOP

READINING 2C0)11,12,13414,15
IFII1.FQ.CIGOTDECO

IHG=11

IPR1=12

ISTA=13

10PT=14

IPR2=15

READ{N 1IN, 2€C) 11

IF{I11.EQ.Q)GOTD&C]

N=11

O 602 I=1,HM

READ(NING, 2C1Ix( 1), YL I) WD)

IFf IHG.EQ.1)HIT =1,
IF{IHGEQ.3IW(TI)=1./Y(I)

READININ, 2€0) 11

IFLI1.EQ.CIGOTO6ED

K=11

READININ, 2C1)(B(J},J=1,K)

KMi1=K-1

Kl=K +¢10PTY

K2=K K1

IRMAX=2%

RLAM=0.02

RNY=10C.

TAU=0.001

EPS=0.00CC3

EPS1=2,.F-1

READININ, 2CC) 11

IFIT1.EQaCIGDTO6ECS

READINING 2C1IRLAMIRNY, TAULEP S4EPSI
HWRITEINOUT, 101} IPND
FORMAT{ 1H1, 10EPROBLEM NO,LI3)
IF{IDPT.EQ.1)GOTN36

WRITE(NOUT,102)

GOTD 27

HRITE{NOUT, 102)

FORMATI 1HE, 25KFIT WITHOUT CONSTANTY TERM)
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103 FORMAT( 1HC; 22KFIT WITH CONSTANY TERM)
37 WRITEINDBUT,104)K

104 FORMAT{1H , 29HNUMBER OF EXPONENTIAL TERMS =,13)
WR IT E(NDUT, 10%)N

105 FORMAT(1H , 23FNUMBER OF DATA POINTS =,13)
WRITE(NDUT,142)

142 FORMAT(1HC, 16HGUESS FOR DMEGAS)
WRITE{NOUT, 1143 {B{J),J=1,K)
WRITEINOUT,1C¢)

106 FORMATI 1HC, 18KCONTROL PARAME TERS)
HRIT EINOUT,; 107)RLAM

107 FORMATI1H ; SHLAM =,E13,.4)

WRITE{NOUT; 10EIRNY

108 FORMATI(1H , 5HNY =,F13.4)
HRITE(NDUT, 10S) TAU

109 FORMATI1H ;5HTAU =,£13.4)
WRITEINOUT;11C)EPS

110 FORMAT(1H ,5HEPS =,E13.4)

HRITE(NOUT,; 12S)EP S1

129 FORMAT{ 1H o 5HEP S1=,E13,4)
WRITE{NOUT,; 111} IRMAX

111 FORMAT(1H , 6HRMAX =,14/777)
OEPS 1=1.+4EPS1
IFCTIOPT )4 7547448

48 TO 49 I=14N

49 Ut I§K1)=le
47 CALL LIPHIF

PHIR=PHY
RL AM O=Rt AR
IR=0

2 IR=IR+#+1
IFLIPRI.EQ.CIGOTO 4
RITE{NOUT, 112)IR

112 FORMAT{ 1HC,; 12HITERATION NO,I3)

HRITEINDUT;11%)
115 FORMAT{1H , 6HOMEGAS)
T —WRITETNDUT 114)(B{J ) 4J=1,K)

114 FORMAT{1IH ,6FE18.7)
WRITEINDUT,112)

113 FORMAT(1H 4 12HCOEFFICIENTS)
WRITEINOUT, 114)1A(J)}sJ=1;,K)
IFLIDPT.EQ.0YGDT0S
WRITE(NOUT,11¢)

116 FORMAT(1H , BHCONSTANT)
WRITEINOUT, 114)A(KY)

5 KRITE{NDUT,117)PHIR

117 FORMAT{ 1IH 4 SHPHI =;FE18.8)
WRITEINDUT; 11S)RLAM

119 FORMAT(1H 5 SHLAM =,E14.4)}

4 RLAM 1=RL AM
o 39 JHglsK
AJM=ALJH )
Bl(JM)=B{JM)
B0 4C J=1,K1
HFl=0.
IF(D-JR Y415 42,41
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B0 43 I=1sN
HI=H14WE 108X 1)5ULT 40 )%ULT IM)
RES{ S }=—-AJH%H]

GOYD 40

CO 44 1I=14N

H3=U{ I, JH)

H4=AJM%H

Hé=0.

O 45 J1=14K1

H2=H2+U{ 1,J13¥%A(J1)
H1=H1+W{ T)%X{ TYRH3IX LY (1) ~H4~H2}
RHS{J 1=H1

CONT INUE

CALL COLSL{K1:G4RHS«DJIM)

CALL IMPRUVI(K1:ARGsRHS¢DJIM)
CO 46 J=14K1

CAB{ Jo M Y=DIM (J)

CONT INUE

00 10 I=1.N

DO 10 J=1:K
H1=A(J )EX( 1% LIT,Jd)

00 11 J1=1,K1
Hl=H1*DABIJ1;J)*U(I;J1}
C1J0 1,J }=H1

CO 12 d=1:K

po 12 J1=JyK

H1=0»

CO 12 I=1,;N
E1=H1+D1J{ 1 %D IJ(T,J1) %K1}
AALS 15 0 )=H1

B 14 J=1,K
SCALE(JI=SQRTIAA{J,J)}

po 15 J=1:K

Hl"-"oa

DO 16 I=14N

HI=H14{Y{ 1)=-FL{I)%DTJI(T1, V%R (1)
GGLJ 1=H1

GS{J )=H1/SCALE(J}

0O 17 J=1;KM1

JP1l=J+¢1

£O0 17 J1=JP1,K
AK(Jl.JI=AA(JI,J)/SCALE(J’fSCALE(Jl)
IF(RLAM «GTo2.E-9IRLAM=RLAM]L /RNY
Eo 34 J=1,K

AK(JyJ )=1.4RLAM

CALL COLDEC{K:AKsG)

CALL CDL SLIKyGsGS,DEL)

CALL IMPRUVIK sAK,GsGS+DEL)

B0 21 J=14K
DELIJI=DELLJ)/SCALE(J)
B{J}=B1{JI+DEL(J)

CALL LIPHIF

H1=PHI
IF(H1/PHIR .GTODEP SL1)GNT022
PEIR=H1
IF{IPRILEQ.1)WRITE(NOLT,120C)
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120 FORMAT{ 1H , 1HA)}
GOT024
22 TF(RLAM-RLAM1)25,26526
25 RLAM=RLAM1
IFCIPR1.EQ.IIWR ITE(NOLT,121)
121 FORMATI1H , 1HB)
GOTO 19
26 H1=0.
HZ=0,
E3=0,
CO 27 J=14K
H1=H14DEL{J}*GG{J)
He=H2+DEL{J )% %2
21 H3=H3+G6G1J V4%
IF{H1%%2/H2/H2-C.5)28,29,29
28 RL AM =Ry AM#RNY
IF{IPR1.EQ.1)WR I TE(NOLT,122)
122 FORMATI(1H ; 1HC)
GOTO 19
29 IFUIPR1.EQ.1IWRITE(NOUT,123)
123 FORMATI1H ,1HD)
30 DO 31 J=1;K
CELIJI=DEL({I) /2.
31 BUJI=BLIJI+DEL(JI)
CALL LIPHIF ‘
Hl=PHI
IF{OEPSI-HI/PHIR )3C,3C,23
24 DO 32 J=14K
H1=ABSIDEL{J ) )/TTAU+ABSIB(J)})
IF(H1.GE-EPS.AND.TR.LT.IRMAXIGOTNR?
32 CONT INUE
IFIIR.EQ . IRMAX)WRITE{NOUT,124)IRNMAX
124 FORMAT(1H , 30HCONVERGENCE NCTY OBTAINED AFTER+14511H ITERATIONS)
IFCIR.LTIRMAXIWR ITEINOUT,14Q)IR
140 FORMAT{1H 3 26KCONVERGENCE DB TAINED AFTER,I14,11H ITERATIONS)
WRITE(NOUT, 12¢)PHIR
126 FORMAT{1HC,; 30FWEIGHTED SUM OF SQUARED ERRCRS,E19.8)
IFILISTA-EQ.C)GOTNECS
NMIK 2=N-K 2
IF{ISTAGEQ.2)WR ITE(NOUT, 141 INMIK2
141 FORMAY{1H ,59HTHIS SHOULLD BE APPRCXIMATELY DISTRIBUTED AS CHI-SQUA
1IRE HW1TH, 14, 19K DEGREES OF FREEDOM)
COEF=1, : '
IF{ISTAFQ.1ICOEF=PHIR /FLOAT(NMIK2}
CO 228 JM=1,K
CO 238 JMiI=JM 4K
H1=0.
CO 228 I=1,N
239 HI=HISW{ TIR(X T ) )2 26T o JMISULT , ML)
238 AALJIMY, UM )I=ATIMIRA(JIMLI%H] /COEF
CO 240 J=1,K1
JZ=J 4K
CO 240 IM=1,K
H1=0.
IM 8] 241 I;]vN
241 HI=H13WL IIHX0 TR UL JMIRGIT 4 J)
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AALJ 2, JM)=AlJMIXH1/COEF

LO 242 J=14K1

J2=J K

LO 242 J1=J,K1

J3=J 14K

F1=0 .

E0 243 TI=14N

H1=HI4H( 1)%UL 1, J1)%ULT,J)

AALJ 3, 21=H1/COEF

CALL COLDECIK 2, AA,+G)

CO 244 J=14K2

0O 245 J1=1,K2

RES(J1)=0.

RES{J )=1.

CALL COLSL{K2+GsRHS,DEL)

CALL IMPRUVIK 23 AA,G,RHSsDEL)

DO 246 J1=1;K 2

VARCOV{J 1,0 )=0EL (J1)

DEVI(J )=SQRT(VARCOVIJIsJ))

WR IT E{NDUT, 125)

FORMAT{ 1HC, 29HF INAL ESTIMATES OF PARAMETERS)
WR ITEINDUT; 115)

WRITE(NOUT, 114} {B(J),Jd=1 4K}

1F{ ISTAGT.0 R ITE(NOUT,137}

FORMAT{ 1H , 19HSTANDARD DEVIA TIONS)
IFLISTAGT.0}WR ITEINOUT, 114} (DEVI (J) 5J=1,K)
WRITEINDUT,112)
WRITEINOUT, 114} (ALJ) =1 ,K)

IF{ ISTA.GT.0)}WR ITE(NOUT,137)

KLOW=K+1

KUPP = 24K

IF(ISTACCT.0)WR ITE(NOUT,114) (DEVI (J) 4 J=KLCW ,KUPP)
IF(I0PT.EQ.0)GOTOD33

WRITEINDUT, 116}

WR IT E{NBUT, 114)A{K1)

IF{ISTAGT.0)WR ITEINOUT,130)

FORMAT(1H 5 18KSTANDARD DEVIATION)
IF(ISTA.GT.0IWR ITE(NOUT,114}DEVI (K2)

IF( ISTA.EQ.0)COTO 86
TF(ISTAEQ.1.AND.IHG.EQ.1) WRT TE (NOUT,131) CCEF
FORMAT({ 1HC, 21FVARTANCE OF THE FIT =,E13.5)
CO 606 J=15K?2

LO 606 J1=1,K 2

VARCOVIJ 3 1)=VARCOVIJ,J1) /DE VI (J) /DEVI (J1)
WRITE(NOUT,132)

FORMAT{ 1HCs 45HMATRIX OF CORRELATIONS BETWEEN THE PARAMETERS/)
0O 134 J=1,K2
WRITEINDUTs 11€) [ VARCOV{J 4J1) 5J1=1 4K2)
FORMAT{1HC, 12F8.4)

FORMAT( 1HCy 12E1C.2)

WRITE(NOUT,135)

FORMAT( 1HCy 27THINVER SE OF VARIANCE—~COVARIANCE FATRIX)
EO 136 J=14K?2
WRITEINOUTy 1321 (AATS, 1) 5J1=1,K2)

WR ITE(NDUT,13€)

FORMAT{ 1HC, 43-DER IVATIVE MATRIX DCOEF (RCW) /DCMEGA(CCLUMN) )
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O 129 J=1,K1
HRITE{NDUT1133)[DAB(JfJM)!JF=1gK)
IF{IPR2.EQ,0}1CG0TORS
WRITE{NOUT, 12T}

FORMATY{ 1HC, 38F X Y DEVIATICN)
CO 35 I=1¢N

El=¥{ I}-F{ I}
NRITE(NDUT;IZE’X‘I}!Y(I))Hl
FORMAT(1H 43FE13.5)

GOTO 86

ENC

SUBROUTINE L IPHIF
COMMON K,KI,IGPT.N,X(BCO),Y(BCOJ,h(SOO),F(BOO),U{BDO,bi,
lA(6)yB(6),G(12:12):AR112s12):RHS(121sPHI '
Lo 7 J=I,K

CO 7 I=1,N

Ul T, J)=EXPIBLJ)EXI{T))

COo 1 J=13K1

CO 2 Ji=J,K1

H}=0‘

CO 3 I=1,N
Hl1=HI+W{ I)%U{ 1,0 0%U{T,01)
AR{J 1,0 1=H1

Hi=0,

CO 4 I=1,N
HI=H14W{ 1)%U( Tod)%Y(])
RHS{ J )=H1

CALL COLDEC(K 1,AR,G)

CALL COLSL{K13GsRHS,A)
CALL TMPRUVIK1,AR,G,RHS,A)
OPT=IDPT

COUBLE PRECISION SUM
SUM=Q0.

CD % I=1:N

H1=0PT#%A{K 1}

CO 6 J=1,K

K1=H1+A{J )%U{ 1,J)

F{ I1=H1

FZ2=Y 1 1)-H1

F3=RH{ 1)%H:

SUM=SUM+1H2%H3

PEI=5SUM

RETURN

ENEC
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SUBRDUTINE COLDEC{N,A 4G}
DIMENSION A(12,12)4G6{12412)
Hl=A(1,1)}

1F{H1)6g 651

G(1, 1)1=SQRT{HT)
IFIN.EQ.1)RETLRN

O 1 I=24N

Gl I, 1)=A11;1}1/G(1,1)

DO 2 J=24N

SUM=0.

JH1=J-1

CO 3 K=1l,JM1
SUM=SUM+G{J K Pex 2
Hi=A({J,J }-5UM
IF{H1Y6;: 65 8

Gl{J, J)}=SQRTIHT)

IF{J JEQNIRETLRN
JP1=d +1

CO 4 I=JP1,N

SUM=0.

D0 5 K=1.JM1
SUM=SUM+G{ 1K 1¥G{J,K)

Gl I, J)=(A(I,J)-SUM}/GLIs )
CONT INUE

CALL SINGIL)

RETURN

ENT

SUBRDUTINE COLSL{N:+G+BX)
CIMENSION Gl1Zy121,B(12).X(12)
1F{N.EQ.1)GDT0S5
X(1)=801)/G(1,1)

CC 2 I=24N

Ml1=1-1

SUM=0.

Lo 1 J=1, IM1
SUM=SUM+G{ 1,0 1%X{J)
X{1)=(B{ 1}-SUMI/GI{I,1)
X{N}=X{N1/GIN,N}
NP1=N+1

CO 4 IBACK=24N
I=NP 1~ IBACK

IP1=1+1

SUM=0.

L8 3 J=1P1,N
SUM=SUM+G{J,s T }%X(J)
X{TY=(XU T1)1-SUM}/GL{T,1)
RETURN
X{1)Y=B{1)1/70G{1,1))%%2
RETURN

ENC




10

11
12

SUBROUTINE IMPRUVINSA G ypB ¢ X)

CIMENSION A(12:12)9G112+12)4B112)4X(12),R(12) 4DX(12)

COUBLE PRECISION SUM
EPS=1.E~8

ITMAX=16

XNORM=D,

CO 2 I=14N

CO 2 J=1I,N

Al I, J)=A0d, 1)

L0 1 I=14N
XNORM=AMAX 1{ XNORM,ABS(X{I}))
IF(XNORM 33,5 10,3

LO 9 TTER=1,1TMAX

CO 5 I=14N

SUM=0,

L0 4 J=1;N
SUM=SUMcA( T,J )%X ()

SUM=B{ I)-SUM

R{ 1)=SUM

CALL COLSLIN,G,R:DX)
CXNDRM=0.

CO 6 I=1,N

T=X{ 1)}

X{I)=X({1)epX{ 1)
DXNORM=AMAX 1{ DXNORM,ABS{X{I}=-T})
IF{ DXNORM~EP S%XNDRM)10,41C, S
CONT INUE

CALL SINGI 2}

RETURN

ENC

SUBROUT INE SING{ 1WHY)
FORMATI( 30HCMATRIX NOT POSI TI VE-DEFINITE.)

FORMAT( 54HCND CONVERGENZE IN TMPRCVE. NMATRIX IS NEARLY SINGULAR.)

NOUT =¢
GOTO( 1, 2}y TWHY
WR ITE(NDUT,11)
RETURN
WRITE{NOUT,12)
RETURN

ENEC
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14, APPENDIX IV: SOLUTION OF LINEAR EQUATIONS
An essential problem in EXPOSUM is the solution of a linear system
Ax = b (62)

where A is a symmetric and positive-definite matrix, As A as a ruleis
ill-conditioned, it is important to choose some good solution technique;
here Cholesky's method with iterative improvement is used. In Cholesky's
method A is factorized as

A=aar | | (63)

where ¢ is a lower triangular matrix with positive diagonal elements. A
subroutine COLDEC for the decomposition, and a subroutine COLSL for

the subsequent solution, have been written along the lines indicated by

10). The merits of the Colesky decomposition method

13)

are discussed intensively by Golub "/,

Forsythe and Moler

The iterative improvement is performed by the subroutine IMPRUYV,
a slightly changed version of the IMPRUV-routine given by Forsythe and
Moler 10). As they point out, it is necessary to compute the residuals to
double precision*. Now, on the IBM 7094 the statement (see print-out for
IMPRUV)

4 SUM = SUM + A(L J) * X(J} (64)

where only SUM is declared in double precision, causes a single-preci-
sion multiplication, a double precision addition, and a double precision
store; this is exactly what we want. Declaration of additional double pre-
cision quantities may be necessary when the program has to be used on an-
other computer.

When A fails to be positive-definite (possibly due to rounding errors
alone), or the iterative improvement procedure fails to converge, control
is transferred to the emergency routine SING, which prints out a message
and thereafter returns control back to the program (this action could easily

be modified, if desired).

* As noticed in 7. 1 quite the same situation occurs in the evaluation of the

sum-of -squared-errors @.
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